Lecture 15 - Sampling and Diffusion Models
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KA

K4 (Sampling)
W’ p B—MEEDE, RECERE: MATRESHEIEERX, EEXHIH AL

L4k (Optimizing)
W f(x)A—EfRR, HAnBEiE: WAlEr € YXNITSEERN, KEIBHRER
s ME.
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BEER—MAEIERESRE B3

ERES

AENRFID, ERES ZIERENBERAERTNEESS, XLIHS5EEHK
BONZEAE) RRRMRFESER, BRNERESOEXEAER. EHRER. W
ERF.

AIRE RESZBEEESF RS :

(1) FIHESH

FIBEFAREMEMELI, HENER—MSHUNER, FRBIRUERR
BEY.

(2) ARIBHIES 752k B
BT BOIRREARIR EMBIE S R, BEBRME AT,
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BEER—MAENERESRE BT
el
R R ST FE PRI EARER,
HERTES
EHSRFEID, AERMNE, TIEEXNRROTN, REMRERTS, T2ERENS

¥, HWAAMENETE, HAHERTHESH. HEESRIERBEMNEUE, THEXLRE
MEERNFRD .

BoRARMEE, DRECHEE, LERKp(¢)FNRp(D]o), FATATLUED DI HTEE
HEERR:
p(¢)p(D|$)

HEAETETA— R
p(D) = / p(D|6)p(#)do
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BEER—MAEIERESRE BT

el

ABFIE S HEITEARME RGN

(1) Monte Carlo 753%

SR [ f(2)p(x)deMELTERT, Monte Carlo 75 3%i8id RAEERMp () BOKE
ZK{X } =1,..., ny }ﬂ

1 n
- g f(x
IERHE [ f(z)p(z)de
(2) THrHElT

HTp(o|D)NFEEHE, EOEMPBBER N2 Hq(o)REMERSH, Wk
TAEL 4L o — AL B

q = argmingeo Dxr(q(¢)llp(¢|D))
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AL
BEHLEEL

WILEY SERIES IN PROBABILITY AND STATISTICS

Simulation and

the Monte Carlo Method

Third Edition

Reuven Y. Rubinstein
Dirk P. Kroese

o BEHEAIIEM
o EAREH L EMIEM
o FEHLILZ /BB E AYIRHL
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AL
SR

E X 1 (Boltzmann-Gibbs43%5)

Boltzmann-Gibbs5} 1 R GITYIE P ik RFE AR FERE TR F AR —MHEE S .
#E—1TH N MTFERNRES, HSRAGLTERE T K, NFEREAN B FIRET
R P HIAT ARG E:

—BE;
Z
Heps p= i, ke BBRHBEE, 22 c UHMAESEH, KMENFET

p =5

[B]& 1 (Sampling)
BENBEHY : R — R, WATIRGR EAREN AR BR A BEZE 5370

-V
mTX e

HAT—MARV AR BR B (potential function)




EE2SERnRENy
Markov Chain Monte Carlo (MCMC)

EX 2 (hﬂarkovﬁ_)
— A MarkoviE 2 —NHEHLIT T2 {X }n 01 WE: RERRKRES /\W%ﬁ:]:éﬁu'iklb; m5E
FRELX. B, TJL:FE%E'] n MRE 0,7, B:

P(Xn-H :.7 ‘ Xn :i>Xn—1 =$n_1,...,Xo Zwo) ZP(Xn.H :_7 | Xn :Z)
H—, MREBEERERETL, B
P(Xni1=j|Xn=0)=P(X1=j| Xo=14) V¥n

FRAFAFR MarkoiE =BT 5THY o
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3 B L
Markov Chain Monte Carlo (MCMC)

EX 3 (Fi)
B {Xn}olo m—MMarkoviit, BRESZEN S, MREFE—NMEEST » HEUATE
-
() = _m(@)PG,j) Vi€$
ics
Hep P(i,j) MWK ¢ BBERE j B8R, MR © AZMarkoiEH) T35
7 (Stationary Distribution) /A2 E (Invariant Measure).

MCMCHIBIERNZ: #iE—Markovil, ERENFROBERNEENBRS Hr.
BLAMNEBRENH(BAREEANSH)HE, EFRIEVREER, RERSET
DETHIREAR.
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BEATEAMRENE
. . Febe S,
Metropolis-Hastings &;%

O EFEVIEKT z0o
Q WFE—$n=12,...,N:
o NI q(2'|on—1) PERBEERE 2.
o ITHEIRFIE:
m(2")g(zn—1]z") )

« = min (1, _
w(@n—1)a(@|zn—1)
o LMEE o BERIERT o/, BURFKTS zn_1-

®’ Xno1 BYAMRE, X, 2 F—MRE, Metropolis-Hastings B RSB E A IR R
A

P(Xn = 2| Xp—1 = z) = g(z'|z) - min (17 %)

2 Sicheck Metropolis-Hastings B AR 2N mEBRS
(a) = Y- tu)ately) - min (1, AU )

S m(y)q(zly)
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Pzt I BRS T E AIRIRERE

Langevin Dynamics

EMX 4 (Langevini/ #(Langevin Diffusion))

BV RY - RE—MuE, HAVFRBENIN > 532 (Stochastic Differential Equations,
SDEs)
dX; = —=VV(X,)dt + V2dB;.

B AV 3T R B Langevind] 88 /Langevin Dynamics, ¥ B, A—MrERBIESD.

En 1

Langevinil B{ I E A

&
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BEATEAMRENE
. b S,
Langevin& ;&

EMX 5 (LangevinE %)
%t Langevin3 8 Euler-Maruyama 2S84k :

Xr1yn = Xen — hVV (Xen) + V2(Bes1yn — Brn)-

A58 T —FhLangevind BIBISEE /AN, #RH(Unadjusted) Langevin Algorithm,
ULA/Langevin Monte Carlo, LMC. HhR2IER LI, kRIERH.
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AL
B BISRAERO T 5T 5 ]

o REFBRA S /WUSUR BE 3 4

KT B fmAIMR: Log-concavity, EX1E;
Langevin Dynamics RIIFFE7;
#BE 7% (Coupling), 3ZERAFN (Log-Sobolev A\ EIMFEAER)

o REEZRE MO

o« EBRERRIE

JERTE: Metropolis-adjusted Langevin algorithm (MALA),
IRE: Hamiltonian Monte Carlo (HMC)

o FIRMEEEAILIT
Reverse diffusion, Stochastic Localization.

o BERHE
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ER—NEIR S B PRAE

HI|OMRAME, BARE LR, TFHRENEKRTER:
(1) ZIHEHMH; (2) R\FFIBIBOEIED HEMRSEH
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SREEFO RRR B ¢k

Score Matching Langevin Dynamics, SMLD?!

Recall that Langevin dynamics
dX; = —VV/(X,)dt + v2dB;
BEFRTMEr < eV, BRMNEFEREDdara, AR
dX; = V10g paata(X:)dt + V2dB;.

HeV log pR AL 5> TpHdScore function.

MR paa. B, ﬂﬁﬁle«XE'ﬁi‘l‘%Score, RMERESP, BNEENBIEFE
>]Score V10g paata, HBITHEZ LI
E[l|so(z) — V10g pdata(z)|3]

Hrhsg AS B ROME ML,

1Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution. In

Advances in Neural Information Processing Systems, pp. 11895-11907, 2019.
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Denoising Diffusion Probabilistic Models, DDPM?

Forward/Diffusion Process

€g (xb t)

2Denoising diffusion probabilistic models. Advances in Neural Information Processing Systems, 33, 2020
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DDPM
Algorithm 1 Training Algorithm 2 Sampling

1: repeat 1: xp NN(O, I)

2 x“Nq(x“) 2: fort =1T,...,1do

i- t~ [J{fn(l(f)’)rf;l({l’ ) 3 z~N(0,1)ift >1,clsez=0

IE N~ 3 -t
5: Take gradient descent step on 4 X1 = \/%j Xt — ﬁee(xf,t)) + oz
AV ||€—€g( FeXo +*/1—£’Y:E,t)H2 5: end for
6: return xg

6: until converged
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Score-based Generative Models, SGM3

Forward SDE (data — noise)
.— = f(x,t)dt + g(t)dw

A

4 N s;:orfunction
.(— dx = f(x t) — ¢*(t)Vx log py (x ] dt + g(t)dw

Reverse SDE (noise — data)

3y. Song, J. Sohl-Dickstein, D. P. Kingma, A. Kumar, S. Ermon, and B. Poole. Score-based generative

modeling through stochastic differential equations. In Proc. ICLR, 2021.
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Score-based Generative Models, SGM

TESDERIIER T :
Score Matching Langevin Dynamics BYRIIEISDE:

d[o?()]

X:
X dt

dB:.

Denoising Diffusion Probabilistic Models BYREIESDE:

dx, = féﬂ(t)Xtdt + v/B(t)dB.
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Probability Flow ODE

Data Forward SDE Prior Reverse SDE Data

.7 dz = f(z,t)dt + g(t)dw 4)@— dz = [f(z,t) — ¢ (£)V. logp(z)] dt + g(t)dw

Probability Flow ODE:

dz = |f(z,t) — %g(t)zvx log pe(x) | dt
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BRI B AR BRI R TS [E)

o USTEEE /TSR E S B
BEHL M A5R: GirsanovEIR., ZEHRAER
SR EE AR

o EEER A
AR, fniEschedulei®it

o FMRRAYIZIT
Flow-based Model, Bridge-based Model, Stochastic interpolants
o ERERK

o BZf /Al for Science
Elf&. W50/ EZER&T. B9t
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ECEADE RS

RINRKEE

ElFiBoltzmann4373 /GibbsillE, FE—H N MITFARNRSER, HRZLTEE T
B, RIFEREEN E FRESTHEE P, AT ARSH:
—BE;

Z

p=¢

Hp= T, 22 e,

EET — o, WTEME €S,
e PEi=e0 =1

FFEERAT, FaTa LIRS SRR

. 1
A= g
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RINR K EE

EFIRATFE, T — OB,

. .1 E;
fim = im, e (i)

. exp (_ E; _k?min)
= lim

T—0 E;—Emnin _ Ei—FEmnin
e 00 (—EH ) + g, exp (- Fifun )

_ ) s € Smin
0, t ¢ Smin

zH\:q]Emin =minjes Ei, Smin = {Z B = Emin}- ﬁ%ﬁﬂ, Bﬁ%iﬂgﬂ%1&, *ﬁ?’%ﬂﬁ
ETREERRAKRESFE,
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RINRKEE

EHUR A (Simulated Annealing) @ — ML EZE, EMWEREBER: HELHEIREL
f HESMEFEERY, RARBETRA, BT -0, K& f WE2ER/IME.

AL BIEELRL T . AT KAEBoltzmann 470
IR N B R RIE S B & /& ME*.

IR A BEAL TR LR & 1/ 1L B1 8% (Combinatorial Optimization Problems).

“Holley R A, Kusuoka S, Stroock D W. Asymptotics of the spectral gap with applications to the theory of
simulated annealing[J]. J. Funct. Anal, 1989, 83(2): 333-347.
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BARSZXEE WPttt

Reverse diffusion Sampling

ERRENAREZNERES PR MTREEL, REXRBSENARANBESF
5%, MATKATA=EFE0E AR

ARRLE, HURE P HIReverselIIZEI 2RI IE, E—FF, KR T HETReverse

diffusion
dx; = —x:dt + \/idBt, Ty ~ Po

diE; = (&0 + 2V Inpr—.(&:))dt + V2d B,
HIRHE T 3E>7

5Huang X, Dong H, Yifan H A O, et al. Reverse diffusion monte carlo[C]//The Twelfth International
Conference on Learning Representations. 2024.
®Phillips A, Dau H D, Hutchinson M J, et al. Particle Denoising Diffusion Sampler[C]//Forty-first
International Conference on Machine Learning. 2024.
"Richter L, Berner J. Improved sampling via learned diffusions[C]//The Twelfth International Conference on
Learning Representations. 2024.
32/33



RASZREE BeTrn ot

Thanks & Questions

33/33



	问题背景——从两个基本任务谈起
	生成任务
	推断任务

	采样和扩散模型
	目标分布已知的采样算法
	扩散模型

	联系与交叉问题
	采样与优化
	采样与扩散模型


